Abstract-This paper aims to present a solution for torsional vibration suppression and shaft torque limitation simultaneously in servo system with backlash. The existence of backlash, which would make conventional notch filter invalid, will aggravate the mechanical vibration and bring the risk of unsafety to the system. In order to solve that problem, a novel shaft torque compensator is proposed, which would make the system similar to a rigid system with one inertia. What is more, this compensator can limit shaft torque as expected, making the system relatively safe under any situation with different load inertias and torques. The limiting control is based on the adaptive online identification of load inertia in order to improve robustness of the system and ensure not only the accuracy, but also the arbitrariness of shaft torque limit. Simulation and experimental results are presented to illustrate the favorable behavior of the drive with the robust shaft torque compensator.
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I. INTRODUCTION

D
RIVE SYSTEMS are a cornerstone of modern industrial processes including wind power generation, aircraft actuator, and robot servo system. These systems are typically composed of transmission systems, such as long shaft, gear mechanism, reduction gearbox, etc., which will bring about nonlinear backlash inevitably. Once the backlash exists in transmission mechanism, traditional suppression methods without considering backlash will become infeasible [1] - [3] . Moreover, excessive shaft twists and poorly damped torsional vibrations will beyond the shafts' allowable tolerance, which may severely harm the stability and safety of the system [4] . Accordingly, compensation of backlash and shaft torque limiting control are the main concerns to improve the performance of servo drives.
There is pretty little literature about the nature mechanism analysis of backlash nonlinearity on the resonant system.
Usually the mechanical stiffness of the servo system is distressed by the nonlinearity of backlash. According to [5] , a novel index stiffness ratio is investigated in order to predict the oscillation characteristics of the servo system. Two different self-oscillatory regimes, called resonance and impact, were predicted depending on the control parameters. In the resonance regime, the frequency of oscillations can be calculated by implementing the describing function method for the mechanical backlash. In the impact regime, the maximum conceivable oscillation frequency only depends upon the position controller gain.
Concerning approaches to deal with the nonlinear backlash, several research works have been presented. In classical control theory, backlash nonlinearity control is difficult to be realized by traditional feedback control or series-shunt compensation. State feedback based on proportional-integral (PI) control as an example can only work in resonant system without nonlinear backlash [6] . However, in modern control theory, it is applied universally to make compensation for motor torque based on backlash model by optimizing the control strategy. The compensation approaches include two main practices: 1) strong action; and 2) weak action. Strong action, the idea of which is to compensate the positional error by identification of backlash amplitude to ensure that the backlash can be traversed quickly [7] , [8] . In the whole control process, the values of controller parameters will remain unchanged. Weak action mainly includes three kinds of control strategies: linear feedback control [9] - [11] , robust control [12] - [14] , and adaptive control [15] , [16] . Through comparing, weak action has more practical applications and behaves better motion performance in backlash control than strong action does.
Following the ideas exposed by Hori [17] , a shaft torque compensation algorithm is mentioned for the two-mass system with backlash. The structure is composed of the shaft torque observer and feedback gain, to suppress the mechanical resonance. The control algorism enables the system equivalent to a single mass by compensation of the electromagnetic torque command. This method is not complicated to apply, whereas high-frequency noise is introduced by the differential element and the compensation coefficient cannot be adjusted, bringing an undesired robustness. In contrast to the proposal, Ohnishi [18] applied a position control method to suppress torsional vibration of the two-mass resonant system without position sensor of an arm portion. Due to the uncontrollable resonance frequency, resonance ratio control method is carried out in [19] . Combined with PD control, this structure can observe shaft torque by the disturbance observer to suppress mechanical resonance indirectly. With the simple construction, the method can be applied under the condition of any inertia ratio, even any more complicated multimass system. In addition, the effect of the differential part on the system is eliminated [20] .
In spite of the successful vibration suppression with backlash of numerous control paradigms, an important requirement for drive safety and long-term reliable operation with excessive shaft twists has been overlooked. In practice, the shaft should never be exposed to stresses exceeding the metal fatigue point in order to maximize the lifetime of the system [21] , [22] . To orchestrate the reaction of torsion torque in a desired move, numerous strategies have been investigated.
The most commonly used method to deal with bounds on the state variables in control systems is model predictive control (MPC) [23] , [24] . Cychowski [25] proposed a shaft torque constrained control method based on explicit MPC (EMPC). Although online computation efforts can be reduced by lookup table, EMPC is still hard to be implemented in practical application, due to its high requirements to memory space and operating rate for the controller. On the basis of [25] , EMPC-PI switching controller is employed in the preset speed hysteresis range in [26] . This structure enables the shaft torque restrained at any desired preset value, reducing the computation efforts greatly with the successful application in real typical drives.
Nevertheless, one MPC controller is designed only for the specific requirements of a particular system. Once the parameters of system change or another requirement for the system is proposed, the MPC controller has to be redesigned. Furthermore, the design and calculation of MPC depends on high linearity of the system, while nonlinear backlash will make the algorithm invalid. So MPC algorithm as a black box will raise high requirements on the drive performance and the accuracy of system model. Besides using states limiting function of MPC, conventional torque disturbance observer is adopted to suppress mechanical resonance [27] . Shaft torque limiting function is proposed, but no further study is presented.
Motivated by the aforementioned analyses, torsional vibration and system unsafety problems are solved with a robust shaft torque compensator for the servo system with backlash in this paper. The proposed compensator belongs to "weak control" strategy to deal with backlash. Based on the structure proposed in [17] , this paper further explored the shaft torque limiting function. Moreover, online identification of load inertia is introduced to adjust the compensation coefficient adaptively. And the algorithm ensures not only the accuracy but also the arbitrariness of shaft torque limit under the condition of varying load inertias, further improving the robustness of the system. Compared with [26] , the shaft torque limitation is more simple and feasible in this paper.
This paper mainly deals with mechanical resonance and system unsafety problems in the two-mass system with elastic coupling and backlash. It is organized as follows. The mathematical model of the drive system is analyzed in Section II, and then the mechanism analysis of backlash is studied in Section III. The robust shaft torque compensator is considered to be the main contribution to suppress mechanical resonance and limit shaft torque at any desired value randomly with high robustness in Section IV. In Section V, experimental results confirm the effectiveness of the compensator. Fig. 1 exhibits a typical model of two-inertia servo system with backlash, which is mainly composed of PMSM, load, and transmission shaft. In this schematic, the motor and actuator are coupled by the damper-spring system with the stiffness K s and the damping D. Electromagnetic torque T e and shaft (torsion) torque T s act together on the motor (the moment of inertia J m ), deciding its speed ω m . On the other hand, T s and load torque T l work together on the actuator (the moment of inertia J l ), deciding its speed ω l .
II. MODEL OF MECHANICAL VIBRATION WITH BACKLASH
Identification algorithm is applied to estimate the damping of the experimental platform, which indicates very small damping indeed. In order to simplify the analysis, the effect of damping is ignored. Then, the common transmission mechanism with backlash is modeled in Fig. 2 , where the current control loop is simplified as unit one. K p and K i are the parameters of the speed controller, respectively.
Backlash is modeled as the most classical dead-zone model, as the red part shown in Fig. 2 , where Δθ is the difference angle [28] . Backlash acts with the characteristic of structureswitching nonlinearity, in which two different states appear. Either the two mechanical components engage or the system is divided into two different parts, which are decoupled from each other. Since fluctuations of the load and motor angles are directly reflected on the difference angle, it is reasonable to assume that the oscillation of the difference angle represents oscillations of the motor and load.
Torque distributions of the backlash-included mechanism is illustrated as follows:
where Δθ = θ m − θ l (rad) is the difference angle between the motor angle θ m and the load angle θ l .
III. MECHANISM ANALYSIS OF BACKLASH
For two-inertia system shown in Fig. 2 , if it is assumed that the load torque T l = 0 and there is no backlash, the transfer function between motor speed ω m and motor electromagnetic torque T e can be derived as
Two essential parameters, namely, the antiresonant frequency ω ARF and the natural torsional frequency ω NTF are defined as
It is noted that oscillation frequency of the practical system is ω NTF , which will not change with the load torque. Generally, describing function method is employed to linearize the model according to the characteristics of backlash. The describing function of dead zone model is independent of frequency, which is defined as
where A dictates the extent of oscillation. While the amplitude of backlash angle 2b is a constant, the value of N (A) is only determined by A. As the value of N (A) is confined between 0 and 1, the shaft stiffness with backlash K * s is equivalent to the product of K s and N (A) and the natural torsional frequency with backlash ω * NTF also changes equivalently with the shaft stiffness
The backlash for the mechanical resonance can be reflected from the response of Δθ. When T e is the only input of the system, frequency-domain and time-domain response of Δθ can be expressed as (7) and (8) Δθ 
Since the value range of N (A) is (0-1), as expressed by (6), the existence of backlash is equivalent to decrease the shaft stiffness and resonance frequency. Moreover, as the frequency decreases, the amplitude of resonance would increase according to (9) , which implies that backlash nonlinearity would deteriorate the mechanical resonance. Fig. 3 shows FFT analysis result of the motor speed oscillation with different backlashes, where the analyses aforesaid were confirmed.
IV. SHAFT TORQUE COMPENSATOR
A. Structure of the Shaft Torque Compensator
Traditional PI control without any compensation strategy can simply provide electromagnetic torque to the drive system, and does not consider the impact of shaft torque on the system. However, when the shaft stiffness is small and the effect of backlash cannot be neglected, the shaft torque will easily exceed its safety range that it cannot bear. So the introduction of the shaft torque compensator is indispensable and the block diagram of the overall system is shown in Fig. 4 .
The feedback loop is formed by the observed virtual shaft torque T s , the low-pass filter and the feedback coefficient K pf . Meanwhile, the virtual shaft torque reference T * s is obtained by multiplying the uncompensated electromagnetic torque T * e by the compensation coefficient K b . With the adjustment of K b , a further correction of the electromagnetic torque is brought out to control the shaft torque directly and achieve the shaft torque limiting control. In order to improve the robustness of the algorithm, recursive least squares with forgetting factor identification algorism (FFRLS) is introduced, which can realize the identification of load inertia and autotuning of K b adaptively. In general, the purpose of the shaft torque compensator is to make amends for the motor electromagnetic torque based on the observed shaft torque and the virtual shaft torque reference. Then, the mechanical vibration would be suppressed well and the shaft torque will be restrained within the safety range. 
B. Vibration Suppression With No Noises
In Fig. 4 , the transfer function of the low-pass filter is
The low-pass filter can eliminate the high-frequency noise and oscillation caused by the differential part. It can make the virtual observed shaft torque close to the real value. The selection of the cutoff frequency g is a tradeoff between the filtering effect and phase lag, estimation precision, and estimation speed. Lots of simulations and experiments are conducted, and the final choice for g is 500 rad/s in this paper, as the optimal parameter. Furthermore, G F (s) can be replaced by unity for simple analysis in the following.
In the control system with the compensator shown in Fig. 4 , the transfer function between ω m and T * e is obtained as
when K pf = 1, (11) can be simplified as follows:
where 0 < K b < 1. Then, the apparent inertia of the motor side will increase equivalently. Meanwhile, there is no correlation between the motor speed and shaft torque, which implies that this system can be approximated as a rigid system with single moment of inertia. Accordingly, no oscillation information on the torsion torque will be exerted on the motor side, so that the suppression of mechanical vibration with no noise can be realized. In this control system, the open-loop transfer function is derived as
(13) From (13), the root locus with different K pf can be sketched in Fig. 5 .
There is a pair of open-loop poles and a pair of zeros, respectively, located in the imaginary axis, which can be pointed out in Fig. 5 . With the increasing of K pf , the poles would approach to the zeros gradually. When K pf > 1, part of root locus curves are distributed on the right half part of the complex plane, then we are facing an unstable system. On the other hand, if K pf = 1, the system is equivalent to a one-mass system under the condition of open-loop pole-zero cancellation, which is critical stable. Thus, the appropriate range of K pf is K pf < 1 and the closer of K pf to 1, the more similar the system is to a rigid system with one mass. Consequently, the parameters of speed controller can be simply configured based on one-inertia system without considering the design of the shaft torque compensator.
C. Shaft Torque Limiting Control
In the two-mass drive system, the produced motor electromagnetic torque can operate within its specified limits imposed by the speed controller output. While the shaft torque cannot operate with any criteria, which may violate the specified bounds due to safety limitations, even would result in damaging to the shaft. In order to ensure safe operation of the system, it is necessary to limit the shaft torque amplitude, which greatly depends on the adjustment of K b .
Assuming that the drive system is under the condition of steady-state operation and engaged mechanics, it means there is no effect of backlash. Motion equations of the motor and load can be written as follows:
Then, the shaft torque can be expressed as
Random shaft torque limiting control can be fulfilled by the compensation of T e . The optimal value of K b to suppress the mechanical vibration is simplified as K * b , which can be considered as a guideline in its design for torque limitation
Once the backlash is considered, for the structure of two-mass system with the shaft torque compensator, the transfer function between T s and T * e , and the transfer function between T s and T l are obtained as
Applying superposition theorem to (19) and (20), the shaft torque T s can be modified as both effect of T e * and T l , as expressed in
During the process of shaft torque limitation, T * e presents a step signal approximately, and T l is always assumed to be a step. Since the response of shaft torque reflects steady state, the "final value theorem of Laplace transform theory" is applied to get the magnitude response of shaft torque on time domain. Then, the expression of shaft torque amplitude during steady state on time domain can be obtained, as shown in
When K pf is taken fixed, shaft torque limiting function can be realized by the regulation of K b . In order to prevent the system from destructively large torsion torque, the underlying scope of K b can be obtained generally from (17) and (22) (
According to the preset desired shaft torqueT s , K b plays a major role in the limiting control. Solving (22) for K b yields
Thus, (23) and (24) can be integrated to achieve the arbitrary shaft torque limiting function. K * b is defined as the critical optimal value: when K b > K * b , the limit extent of shaft torque is deepen, but dynamic response of the entire system slows down; Stiffness of elastic coupling 600 N·m/rad Backlash angle 0.02 rad when K b < K * b , the limit extent is weakened, and the dynamic response gets quick, but with bad oscillations [26] .
Since the expression of K b from formula (24) contains the load inertia parameter, it is necessary to identify the load inertia in order to ensure not only the accuracy but also the arbitrariness of shaft torque limit, where the adaptive design is researched in the following section.
Simulation studies working with the shaft torque compensator are constructed on Matlab/Simulink and the parameters are shown in Table I . The system is excited by the rectangular signal as the speed reference, with one-third of the nominal speed as the amplitude. The saturation limitation of electromagnetic torque is set as two times of the nominal torque. And inertia ratio of the system is 42 times of the motor inertia, which is consistent with the case of two flywheels added to the experimental platform.
Simulation results where the desired shaft torque is set to be 1, 2, and 3 N·m can be seen in Fig. 6 , respectively. As shown in Fig. 6(a) and (d) , the safe bound is set to be 1 N·m and the system is under no load. In the initial ramp-up stage of speed, electromagnetic torque quickly reaches saturation, and then goes down in compliance with the instruction of shaft torque limit immediately. The shaft torque is maintained at the preset desired value, and the electromagnetic torque basically has the same trend, which is slightly higher than shaft torque due to the relatively large inertia ratio in this paper.
Then, the drive system with a bigger desired value of shaft torque is tested as 2 N·m in Fig. 6(b) and (e), where the load torque is set to be 1 N·m. The safe bound is 3 N·m with 2 N·m of the load torque, as shown in Fig. 6(c) and (f) . It can be clearly seen that resonance suppression with no noise can be accomplished by the proposed shaft torque compensator. And based on that the arbitrary shaft torque limiting function can be obtained under different loading conditions. Both of good dynamic characteristics and the safety operation are ensured.
D. Adaptive Design Based on the Identification of Load Inertia
In practical industrial applications, drive systems are always running with nonconstant value loads like cranes, robot arms, and so on. Hence, adaptive control design is of great advantage in these systems with uncertain parameters to improve the robustness of the system. There is a relationship between the shaft torque limit and load inertia, which can be seen from (24) explicitly. Thus, the identification process of load inertia is necessary to regulate K b with changeable load inertia constantly, which can further improve the robustness of the shaft torque limiting function.
FFRLS [29] is incorporated to identify the load inertia, ensuring not only the accuracy but also the arbitrariness of shaft torque limit. The identification algorithm is adopted as the "equivalent single-mass identification." Since the shaft torque limitation is achieved on the basis of resonance suppression, the two-mass elastic system is already equivalent to a single mass approximately. It provides the possibility to change load inertia and adjust K b accordingly to ensure torque limit. Due to the fact that identification algorithm acts only on the transient process of the speed, rectangular wave is chosen as the reference speed signal in order to increase the transient time. The forgetting factor and initial value of K b are set to be 0.99 and 1, respectively, in the control algorithm. For the lack of space, the design of identification method will not be described in detail.
Simulation results of different load inertias are depicted in Fig. 7 , which is used to verify the necessity of the adaptive identification algorism. The algorism is combined under the condition that inertia ratios are 24 and 33, as shown in Fig. 7(a) , (e) and (b), (f), respectively. Both of them point out that shaft torque can steadily converge to the constant 1 N·m as expected, implying the varying inertia ratio can be quickly identified so that shaft torque will track the preset value intelligently.
Nevertheless, when the inertia ratio is changed to 33 and the adaptive identification algorism is not incorporated, the altered inertia ratio will not be detected (R = 33 is mistaken as R = 24). Meanwhile, the shaft torque limit is still set to be 1 N·m, resulting in the unupdated K b . As shown in Fig. 7(c) and (g), the shaft torque cannot be restrained to 1 N·m as we preset and has already exceed it to around 1.8 N·m. The main reason for this existing error comes from formula (24) , where the variation of load inertia is mistaken as the variation of the desired command of shaft torqueT s , making the actual response of shaft torque cannot follow the directive value. Thus in sum, it can be clearly concluded that with the combination of the adaptive identification algorism and the shaft torque compensator, the algorithm enables the arbitrary shaft torque limitation implemented in the variable load inertia circumstances, and improves the robustness of the system effectively.
In order to enable thorough investigation in the robustness design, simulation results with different reference speeds have been given [see Fig. 7(d) and (h) ]. The shaft torque is constrained to 1.5 N·m. Sine wave is given as the speed command, of which the amplitude is 1000 r/min and the frequency is 1/3 Hz. When it is conducted, the system is always in the transient identification process. The electromagnetic torque and shaft torque both approach to the horizontal line in the acceleration or deceleration stage to see the distortion of motor and load speed response with approximate constant scopes. The reason for that is the behavior of motor and shaft torque will maintain a constant. It can be suggested that the proposed limiting function of the shaft torque compensator has an extremely high robustness in different command speeds. elastic shaft with backlash device. Three same flywheels can be fixed on the load side to change the inertia ratio between motor and load. The machine is equipped with an incremental optical encoder with 2500 impulses per revolution. The period of speed control loop is 1 ms, which is ten times of the current control loop. Sampling period of the controller is set as the sampling period of speed loop. The parameters of speed controller are designed on the basis of engineering method as K p = 358 N · m · s/rad and K i = 0.024 s −1 . The specifications are presented in Table I .
V. EXPERIMENT RESULTS
First, Fig. 9 (a) and (b) shows the system responses without any compensation algorithms, and it is remarkable that the results are not satisfying. The motor torque and speed oscillate seriously, especially from the perspective of motor side. The amplitude of shaft torque is so high that it is very possible to elicit unsafety of the system, or even breakdown.
Then, in order to verify the effectiveness of the proposed shaft torque compensator, a conventional notch filter is applied of which the results are shown in Fig. 10(a) and (e). Second-order twin-T network notch filter is selected. The notch frequency is obtained by FFT analysis of the motor speed, i.e., the actual oscillation frequency of the system (142 Hz). The figures show that the system has a certain oscillation suppression effect at nonzero speed. However, once the system stopped, nonlinear backlash would traverse repeatedly, leading to fierce noises and impacts. The reason for that is the phase lag of notch filter will cause system instability, especially at zero speed. Therefore, the notch filter is only effective in the elastic drive system for resonance suppression, but fails if backlash is taken into consideration. Moreover, shaft torque limitation cannot be achieved whether the speed is zero or not. So the transmission unsafety problem cannot be solved by the traditional notch filter.
In contrast, the proposed compensator with the adaptive K b adjusted with load inertia is applied, and the experimental results are obtained in Fig. 10(b)-(d) and (f)-(h) . Here, no oscillations on the speed and torque are displayed. The results reveal that the compensator can keep the shaft torque in safety range as expected on the basis of vibration suppression rapidly under different loading conditions. Besides, it can suppress mechanical resonance without introducing high-frequency noise, and ensure satisfying dynamic characteristics of the system. The experimental results agree well with the simulations (compared with Fig. 6 ), which can be a good validation of the effective random shaft torque limiting function of the compensator. When the speed reached steady state after the acceleration, the shaft torque and electromagnetic torque do not reduce to zero, by the reason of a friction type load torque of the experimental platform, which is about 0.4 N·m. Simulation studies are supported by the experimental results (see Fig. 11 ), further demonstrating the favorable adaptive shaft torque compensator for different load inertias and different reference speeds. Fig. 11(a) and (e) gives the case of noninertia disk on the load side (R = 24), and one inertia disk added (R = 33) is depicted in Fig. 11(b) and (f). They reflect that when the compensation factor K b adaptively varies with the load inertia and load torque, random limiting function of the shaft torque state can be always implemented in such common uncertain systems with high robustness. Once the adaptive process is not combined in the algorithm, limiting control is unpredictable and apt to cause resonance phenomenon and unsafe operation of the transmission system, as shown in Fig. 11(c) and (g) .
Experimental results under different operating instructions are shown in Fig. 11(d) and (h) . They reveal that the identification process is carried out during entire dynamic process, with the excellent limitation of shaft torque. Hence, the proposed algorism is suitable for various command signals.
According to (24) , compensation coefficient K b of the shaft torque compensator is adjusted by the load inertia adaptively to increase the accuracy and robustness of the shaft torque limit. Load inertia of the experimental platform is altered by adding or removing flywheels and the inertia ratios of the aforementioned systems are 24, 33, and 42, respectively. Therefore, FFRLS strategy is applied to estimate the load inertia, as the intermediate link of the shaft torque limiting function. Experimental results are shown in Fig. 12 , with the condition ofT s = 1 N·m and T l = 0. It is visible that the relative error between the identification value and the true value is so small that can be used to provide accurate load inertia. Numerical results that have been obtained from the measurement signals are extraordinarily excellent and reliable with the robust shaft torque compensator.
VI. CONCLUSION
In this paper, the mechanism of mechanical vibration for twoinertia elastic system with backlash has been investigated. Due to the backlash, the shaft stiffness coefficient will be reduced equivalently. Furthermore, the natural torsional frequency of mechanical vibration will decrease and the resonant amplitude of shaft torque will increase, which may exceed the safety range. To figure out this problem, this paper has proposed a robust shaft torque compensator, which is not complicated and easy to apply. The stability criterion of the compensator is analyzed according to the feedback coefficient K pf , which can make the servo system behave like a rigid control system with single moment of inertia. Moreover, the compensation coefficient K b is adaptively designed by the identification of load inertia to realize not only the accuracy but also the arbitrariness of shaft torque limit, with the improving robustness. The control method can suppress mechanical resonance without any noise, limiting the amplitude of shaft torque randomly. And it also shows great robustness against various parameters, keeping shaft torque operating within the safe region and providing desired dynamic performance.
